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Abstract

Asymptotic likelihood analysis of cointegration in I(2) models, see Johansen (1997, 2006),
Boswijk (2000) and Paruolo (2000), has shown that inference on most parameters is mixed nor-
mal, implying hypothesis test statistics with an asymptotic x? null distribution. The asymptotic
distribution of the multicointegration parameter estimator so far has been characterised by a Brow-
nian motion functional, which has been conjectured to have a mixed normal distribution, based on

simulations. The present paper proves this conjecture.

1 Introduction

The notion of multicointegration was introduced by Granger (1986) and Granger and Lee (1990). Al-
though originally developed for processes integrated of order 1 (Z(1)), it has subsequently become clear
that the phenomenon occurs naturally in 7(2) cointegrated vector autoregressive (VAR) models, see Jo-
hansen (1992) and Engsted and Johansen (1999). With { X} };>; a p-vector time series process, the (2)

VAR model of order k is expressed as

k—2
A’X; = of/Xiq +TAX 1+ ) AKX, j+e, (1)
j=1
a1\ TE. B = aiffy, 2)

where {e;}+>1 is assumed to be an independent and identically distributed (i.i.d.) N(0,€2) sequence,
and where o and 3 are p x r matrices (0 < r < p), a; and (3; are p x s matrices (0 < s < p — r), and
I, {¥; f;f and () are p x p matrices, with Q positive definite.! The model can be extended to include
deterministic components such as a constant and trend, see Rahbek et al. (1999), without qualitatively

affecting the results to follow.
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Paruolo and Rahbek (1999) show that the I(2) restriction (2) implies

L =adfy+ (10 + (01,

where 6 = &'T'By, By = (3,31)1, ¢; = I'Band ¢, = I'3;. Therefore, the model (1) under this
restriction becomes
k—2
A2Xy = (B X1+ 085AX, 1) + (B AX 1 + CBIAX, 1 + Z \I’jAthfj +e. (3)
j=1
In this model, (3, 3;)'X; are I(1) linear combinations of the I(2) process X;, and 3’ X; further cointe-
grates with the 7(1) process 35AX; to the I(0) linear combination

B' X+ 08L6AX, = (B + B0 A) Xy 4)

This phenomenon is known as multicointegration, and also as polynomial cointegration, because the
right-hand-side expression in (4) is first-order vector lag polynomial operating on X;. Various alternative
parametrisations of the I(2) model have been proposed in the literature, see Johansen (1997), Boswijk
(2000) and Mosconi and Paruolo (2009). However, they do not affect inference on the multicointegration
parameter §, which is the subject of this paper.

Asymptotic likelihood-based inference on the parameters of (3) was studied by Johansen (1997,
2006), Boswijk (2000) and Paruolo (2000). They showed that under suitable identifying restrictions, the
asymptotic distributions of the maximum likelihood estimators B and @1 are scale mixtures of normals,
where the random scaling matrix is the distributional limit of the inverse observed information matrix.
This implies that likelihood ratio test statistics for smooth hypotheses on 3 and 3, have an asymptotic x>
null distribution, at least under particular conditions on the hypotheses, derived by Boswijk (2000) and
Johansen (2006). The asymptotic distribution of the multicointegration parameter estimator &, however,
at first sight does not appear to be mixed normal. It can be written as the distribution of the sum of two
mixed normal random variables, but there is no common conditioning set such that both are condition-
ally normally distributed, which complicates deriving a valid inference procedure for J. Yet, as noted
by Paruolo (1995) and Johansen (2006), Monte Carlo simulations of the Brownian motion functionals
that characterise the asymptotic distribution of ¢ strongly suggest that & is in fact asymptotically mixed
normal. The present paper provides a proof of this conjecture, implying that likelihood-based inference
on multicointegration can be conducted using x? critical values.

The outline of the remainder of this paper is as follows. The next section summarises the asymptotic
distributions of ﬁ, @ 1 and 8, as obtained by Johansen (1997, 2006) and Paruolo (2000) (and in a mixture
of their notation). In Section 3 the main result is stated and proved. The final section discusses some

extensions. An appendix contains proofs of some auxiliary lemmas.



2 Asymptotic results

The starting point of the asymptotic analysis is the multivariate invariance principle: as n — oo,

lun|
n_l/ZZEt i>VV(u), u € [0,1],
t=1

where W is a p-vector Brownian motion with variance matrix 2. The i.i.d. normality of {e;}¢>1 is

sufficient, but not necessary for this result to hold. From W, define

W = (/97 o) td/Qw,

Wy = [&] — &) Qas(ahQas) T ah] W,
with e = (v, 1) 1 . These are two independent vector Brownian motions, of dimensions r and s, and
with variance matrices denoted €2; and 9, respectively. Furthermore, (¥, W5) is independent of the

(p — r — s)-vector Brownian motion W5 = o, W.
Johansen (2006) shows that

LAX H A
12 5/2 lun] | £, o(u) } _ 03Ws(u) ’ weo1]
/BlAX\_unJ Hy(u) A1oWo (u) + A13W3 (u)
where Ag3, A12 and A;3 are conformable matrices, depending on the parameters, with Ags and Ajs

non-singular. Define

Ho(u) Ho(u)
Ho(u)=| H@) |=| H) ;o uel0,1],
Hs(u) Jo Ho(s)ds
as well as
1 1
0 0

Let ¢/ = (o/Q 1a)~1a/Q 7T it can be shown that ¢’ 3, = &/T'3, = 4. Johansen (2006, Theorem
4) and Paruolo (2000, Theorems 4.1 and 4.2) prove the following results for the maximum likelihood

estimators> B 51 and {p based on a sample {X;}}" ;, with starting values {X;_j,..., Xo}:
nfy (% — ) Bge
nBi(B-8) | £ | B
2—/ > - ) I (6)
n*By(8 — B3) B3
nBs(B1 — B) C™
where
Bg° 1 1
B* =] B | = H;f/ H.dWj, C>* = HO_Ol/ HodWs. @)
0 0
By*

The cointegration parameters have been identified by ¢’3 = I and ¢; 3, = I, where c and c; are known conformable

matrices. The results given here are for ¢ = 3 and ¢; = (3,, from which the results for general (c, ¢;) can be derived.



Because 1] is independent of (W, W3), and H, is defined from (Ws, W3), it follows that W is
independent of H,. Similarly, W5 is independent of W3 and hence Hy. This implies

B*®|H, ~ N ® H'),  C®|Hy~ N(Q® Hy'). (8)

Thus both B and C'*° have a conditionally normal and hence mixed normal distribution, but with a
different conditioning set. Therefore, (B>, C'*°) is not jointly normal conditional on the same informa-
tion: the distribution of B°°|Hj is not normal, and C'°°|H, has a degenerate distribution. This lack of
joint mixed normality was analysed in more detail by Boswijk (2000).

The conditional variances in (8) are estimated consistently by the estimated variance matrix based

on the inverse observed information matrix, in the sense that

nfBy(t) — o)
. HB&(B—Q P ( M eHL! 0 )
var . = B )
n2By(3 — B) 0 Qe Hg
nB/2(31 - ﬁ)

Letting 6 denote the full vector of cointegration parameters, this means that likelihood ratio or Wald test
statistics for smooth hypotheses Hg : g(f) = 0 have an asymptotic x? null distribution, at least if for
some suitable sequence of norming matrices D,,,

(€))

D g(d) - g(6)) = ( G vee B~ ) ,

Gcovec C®

with G and G¢ matrices of full row rank. Thus the components of D 1[g(f) — g(#)] should be
asymptotically linear in either B°>° or C'*°, but not both. See Boswijk (2000) and Johansen (2006) for a
further discussion of this sufficient, but possibly not necessary condition for mixed normal inference.
The asymptotic distribution of the estimated multicointegration parameter 5 = 121/52 is obtained
from (6), together with 73} (35— B5) = —n(B; — 1) Bs+0,(1), which yields (Paruolo, 2000, Theorem
4.2)
n(d — 6 £ BP — C™ A, (10)

with A = B;@Z) Its estimated variance matrix, based on the inverse observed information matrix, satisfies
At [n(és - 5)'} L @ (Ho)oo + (AQ0A) ® Hagh = Vi + Ve 11)

This implies that hypotheses on ¢ do not satisfy (9), unless the restriction A = Bllw = 0 is satisfied; in
all other cases, the asymptotic distribution of § is characterised by the sum of two random variables that
are marginally, but not jointly mixed normal. As noted by Paruolo (1995) and Johansen (2006), however,
Monte Carlo simulation of (10)—(11) suggest that inference on ¢ is asymptotically mixed normal even if

A # 0. In the next section, this result will be proved.



3 Mixed normality

This section studies asymptotic inference on the multicointegration parameter §, based on the limit in
distribution of the standardised estimator, as implied by (10)—(11):

~N\ —1/2
ar (5’) P vec(d — 8) s [Vis + Vo 72 [vee B + vee(C=A)] = . (12)

When § is a scalar parameter, Z may be interpreted as the limit in distribution of the t-statistic of 5.
More generally, a Wald or likelihood ratio test statistic for a simple hypothesis on § will converge in
distribution, under the null hypothesis, to Z’Z.

In order to prove the main result, we first need some auxiliary lemmas, proved in the appendix. The

first lemma provides a convenient expression for (H_,!)go.
Lemma 1 Let H,, and H;;,1,5 = 0,1, 2, be as defined in (5), and define

Hyy = Hiy— HyHy, Hy, i,j,k=0,1,2,
-1

Hy, Hpy Hy; .
Hz]|k;l = Hz]_(HZkaHl) ’ s 27]7k>l20>172'
Hy, Hy Hy;
Then
1y _ -1 -1 -1 -1
(H. oo = H00|2 + H00|2H01\2H11|02H10I2H00|2' (13)

Note that a simpler expression for (H_,!)go is HO*OTR, but the expression in Lemma 1 is more con-
venient for our purposes. In particular, using the fact that H; = A19Ws + A13W3, and Hy and H, are
defined from W3, the lemma implies that W5 appears in (H, ;})00 and hence Vg in the linear functional
Hyy)2, and in the quadratic functional Hyyjgz. The next lemma characterises conditions for conditional
independence between stochastic integrals and such functionals of a vector Brownian motion.

A function or kernel K on [0, 1]2 is said to be symmetric if K (s,u) = K (u, s) forall (u, s) € [0, 1]?,
and positive semi-definite if fol fol K(u, s)g(u)g(s)duds > 0 for all continuous functions g on [0, 1].

Lemma 2 Let W be a vector Brownian motion on a probability space (0, F,P), independent of G C F.
Let X and Y be G-measurable vector processes satisfying E ( fol (XX +YY' )du> < oo, and let

K be a positive semi-definite G-measurable kernel on [0, 1]2. Then, conditionally on G, fol XdW' is
independent offo1 YW'du and fol fol K (u, 8)dW (u)dW (s)" if and only if, with probability one,

1 u 1
/ </ X(s)ds) Y (u)du =0, / K(u,s)X(u)du =0, s€]0,1].
0 0 0
We are now in a position to prove the main result.

Theorem 1 Let B3°,C*°, Vg, Vo and Z be as defined in (7), (11) and (12). Then we have

Bgo 0 Vi 0
(EJos ()

so that inference on J is asymptotically mixed normal, i.e.,

Z |(VBv VC') ~ N(()?Ir(pfrfs))' (15)



Proof. Define
Zp = I/B_l/2 vec Bg®, Zo = VC_1/2 vec(C*A).

From (8), it directly follows that Zg|H, ~ N(0,1;) and Z¢|Hy ~ N(0,1;), where ¢ = r(p — r —
s). Note that conditioning on a process X in fact means conditioning on the o-field generated by
{X(u)}uepo,1- We will use the notation X = Y if both processes or random variables generate the
same o-field, and X C Y if the o-field generated by X is contained in the o-field generated by Y.
The result Zg|H, ~ N (0, I,) implies that Z is independent of H.,, and hence also of (Z¢, Vg, Ho)
C (Ho, W1) = H,, so that
Z|(Zc, Ve, Ho) ~ N(0,1,). (16)

We will show that conditionally on Hy, Z¢ is independent of V. This implies Z¢|(Vp, Hy) ~
N(0, 1), and together with (16), this implies

(2 Jwmmo=n((3)-(5 7))

Because this conditional distribution of (Zp, Z¢) does not depend on (Vz, Hy), the same joint N (0, I54)

distribution applies conditionally on (Vp, Vo) C (Vp, Hp). This directly implies (14) and (15).

Recall that Z¢ = vec (H(;)l/ 2 HOdWQ’A(A’QQA)_l/Q) and Vg = Q1 ®(H;,")oo, where (H,)oo
is given by (13). This means that, conditionally on Hy, Z¢ is independent of Vg if fol HodWj is in-
dependent of Hpyjp and Hyqjgp; the other ingredients of (H_ Yoo are fixed conditional on Hy. Using
Hy = A1oWy + A13Ws for fixed matrices A2 and A3, with [Aj2| # 0, it follows that

1
Hyp = /(HO—HOQHQQ1H2)HidU
0
1
= / Ho‘QH{Cl’LL
0
1 1
= / HOQWédUA/12+/ Ho‘QWéduAllg,
0 0

where Hojo(u) = Ho(u) — Hoa Hyy' Ho(u). By Lemma 2, this implies that fol HodW is conditionally

independent of Hyy o, because
1 u 1
/ (/ Hods> Hojo(u)'du = / Hy(u)Hyjo(u) du = 0.
0 0 0
Next, let Hy = (H}, Hb) and Haz = [} H3Hjdu, so that
1 1 1
H11|02 = / HlH{d’U, —/ HlHéduH?Bl/ H3H{du
0 0 0

1 1 1
= Ap </ WQWQ’du—/ WgHéduHS_;/ HgWédu) i’
0 0 0



where the final equality follows from H; = A1oWo + A13W3 = AW + A13A631H0. From this, we

find
1 u U /
it~ [ ([[a0) ([ )
0 0 0
1 u u /
—/ (/ de) HgduH33 / Hj </ dW2> du
0
_ / / K (u, 8)dWa(w)dWa(s),
where
K(u,s) =1—uVs— Hy(u) Hp H(s),
with H f H;ds, » = 0,1,2,3. Applying again Lemma 2, we find that conditionally on Hy,

fo HOdI/V2 is independent of Hyy|g2, because

/OlK(u,s)Ho(u)du = /Sl (/OuHodt> du—/o1 </OuHodt> 3(u) duHz! Hs(s)

1

= HQ(S)—/ HgHg(u)/duH?E,)ng(S)
0

= 0.

The final equality follows from Hy = (I,,0)Hs, and hence Hy = (I, 0) H3. Thus we have shown that
fol HydW is independent of both Hyyj2 and Hyqp2, and hence of Vp. U

4 Discussion

Theorem 1 states that the maximum likelihood estimator of the multicointegration parameter § has an
asymptotically mixed normal distribution. This means that a likelihood ratio or Wald test statistic of

a simple hypothesis Hy : § = Jp will have an asymptotic X%( null distribution, arising as the

—r—s
distribution of Z’'Z. More generally, it is not hard to prove thilt test) statistics of smooth hypotheses
Ho : g(0) = 0, with g a continuously differentiable function with derivative G(9) of full row rank, will
have an asymptotic x? null distribution.

A further extension is to consider hypotheses on (3, 3, and § together. For example, Mosconi and
Paruolo (2009) consider possibly over-identifying restrictions of the form (3',6)" = h(¢), where h is
a linear function of a parameter vector ¢. Extending Johansen’s (2006) Theorem 5.1, we may obtain
conditions on h such that the restricted log-likelihood is locally asymptotically quadratic. As indicated
by Johansen (2006), these conditions entail that ¢ can be partitioned as (¢, ¢), with nq?)l and n2g?>2
converging in distribution to linear functions of (Bg°, By, C°) and BS°, respectively. Theorem 1 can
be extended to show that (Bg°, B, C°) is jointly mixed normal, but not independent of BS° and its
conditional variance €2y ® (H ;})22. This implies that hypotheses that only restrict By = Bg,(zb —0),

= 3Y3and C = By B,, but leave By = By 3 unrestricted (where ° denotes the true value of 6), can
be tested based on asymptotically x? likelihood ratio statistics. In other words, hypotheses that involve

[ and 6 only allow for mixed normal inference if they do not restrict Bo.



Appendix

Proof of Lemma 1. We use the following well-known result for partitioned inverses:

1 _
(o ne )" -

A9y Ao A22 A21A A22 + A22 A21A A12A22

112 112

where Ay = A1 — A12A2_21A21, and where Aj1, Az and Ay are assumed to be non-singular. It is

convenient to define a re-ordered version of H.,.:

Hyy ( Hyy Hio )
Hy = Hy Hyo Hopo )
Hoyy Hyy Hao

so that (H, ;kl)oo is identical to the middle diagonal block of H]Srl. Applying (17) to Hy with A1 = Hpy
(and the implied choice for A2 and As»), leads to

—1
H, H,

(H Voo = 00 Ho2
Hyy Hao

00

-1
Hyo Hopo Hpy _ Hyo Hopo
H11\02( Hyo Hi )
H20 H22 H21 H20 H22

00
Next, applying (17) again to
Hoo Hoz _ H&]‘Q H00|2H02H2_2
Hyy Ha —H221H20H0_0|2 Hyy' + Hy,' Hayg 00|2H02H22 7
yields
(Hioo = Hygy
+Hygly (1 —HepHy;' ) Hon Hiloy ((Hio Hy ) ! H!
—1p2 10 12 _
002 22 Hoy 11]02 —H221H20 002
_ -1
- H00|2 + 00|2H01\2H11|02H10\2 00|2’
which is the required result. U
Proof of Lemma 2. First, note that integration by parts yields
1 u 1
/ Y ()W (u) du = / ¥ () < / dW(s)’) du = / ¥ (w)dW (u),
0 0 0
where Y f Y (s)ds. Next, for a positive definite /&, Mercer’s theorem, see Tanaka (1996), states

that

s) =Y Nifi(u)fils
i=1



where {\;};>1 and {fi};>1 are the eigenvalues® and orthonormal eigenfunctions of K, solving the

integral equation

/O K (u, ) f (u)du = \f(s).

/Ol/oleWdW’:i/\i </OlfidW> (/OlfidW>,.
=1

The basic properties of the Itd integral imply

This implies that

Jiy Xaw’ [ XX XY Xf]

fivaw (|g~n{ o | [ | vxr vy vy |du
0 ~

[ frdw! 0 LX RY' fif

Therefore fol X dW' is conditionally independent of fol YW'du and fol fidW' if and only if

/01 X ()Y (u)du = /01 </Ou X(s)ds> Y'du = 0, (18)

(the first equality follows from integration by parts), and
1
/ X (u) fi(u)du = 0. (19)
0

This in turn implies that fol XdW’ is conditionally independent of fol Y W'du and fol fol Kdwadw' if
and only if both (18) holds and (19) holds for all eigenfunctions f; corresponding tot non-zero eigenval-

ues. The latter condition is equivalent to

1 0 1
/0 K (u, )X (w)du — ;)\ £i(s) /0 FX@du=0, sel0,1]

Hence the components of X are eigenfunctions of K corresponding to zero eigenvalues. g
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