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Abstract

We construct an upper bound on the limiting distributions of the identifica-
tion robust GMM statistics for testing hypotheses that are specified on subsets of
the parameters. The upper bound corresponds to the limiting distribution that
results when the unrestricted parameters are well identified. It therefore leads
to more powerful tests than those that result from using projection arguments
on tests on all the parameters. The upper bound only applies when the unre-
stricted parameters are estimated using the continuous updating estimator. The
critical values that result from the upper bound lead to conservative tests when

the unrestricted parameters are not well-identified.
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1 Introduction

Many economic models can be cast into the framework of the generalized method of
moments (GMM) of Hansen (1982). This facilitates statistical inference in these models
because we can use the extensive set of econometric tools available for GMM, see e.g.
Newey and McFadden (1994). GMM is particularly appealing for structural economic
models under rational expectations. Over the last decade or so, a number of studies
have shown that the assumption of identification of the parameters in such models may
be too strong, and that when it fails, conventional inference procedures break down,
see e.g. Stock et. al. (2002). In forward-looking models, such as the new Keynesian
Phillips curve (a popular model of inflation dynamics), Mavroeidis (2004, 2005) showed
that identification problems are pervasive. Another example where identification might
fail is in models of unemployment, where identification problems plague the estimation
of wage equations, see e.g., Bean (1994) and Malcomson and Mavroeidis (2006).

Fortunately, statistics for testing hypotheses on the parameters in GMM have been
developed whose limiting distributions do not require the identification assumption of
a full rank value of the expected Jacobian of the moment conditions with respect to the
parameters, see Stock and Wright (2000) and Kleibergen (2005). These statistics yield
more reliable inference than the traditional statistics since they do not become size-
distorted when the Jacobian is relatively close to being of reduced rank. However, the
robustness of these statistics to failure of identification of the parameters has only been
established for the case when we test the full parameter vector. This is an important
limitation in their use because researchers are often interested in hypotheses on subsets
(or functions) of the parameters. For the limiting distributions of the statistics to
remain valid in such cases, one has to impose the identifying assumption of a full rank
value of the Jacobian with respect to the parameters that are left unrestricted under the
null. Even though this condition is milder than the identification of the full parameter
vector, it can often be too strong, as it is, for example, when testing hypotheses on
the coefficients of exogenous regressors in a model with endogenous regressors, or on
the coefficients of forcing variables in forward-looking rational expectations models, see
Mavroeidis (2006). Hence, it is important to assess whether the existing methods are
reliable even when some of the identification assumptions on the untested parameters
fail to hold.

The outline of the paper is as follows. In the second section, we discuss GMM. The
following section discusses the behavior of the power function of the tests at distant

values of the hypothesized parameter. Simulations are reported in section 4, and further



extensions are discussed in the conclusions. Proofs are given in the appendix at the
end.

Throughout the paper we use the notation: I, is the m x m identity matrix,
Py = A(AA)7LA’ for a full rank n x m matrix A and M4 = I,, — P4. Furthermore,
«P.» stands for convergence in probability, «dr for convergence in distribution, “%”
indicates that the limiting distribution of the statistic on the left-hand side of the “%”
sign is bounded by the distribution of the random variable on the right-hand side, E

is the expectation operator.

2 GMM

We consider the estimation of a p-dimensional parameter vector 6§ whose parameter
region © is a subset of the R”. There is a unique value of 0, 0y, for which the k; x 1

dimensional moment equation
E(f:(6p)) =0, t=1,...,T, (1)

holds. The k; x 1 dimensional vector function f;(¢) is a continuous differentiable
function of data and parameters. Let fr (§) = Y21, fi () and

Vig (0) = lim var (T2 fr (0)] . (2)

The objective function for the continuous updating estimator (CUE) of Hansen et. al.
(1996) is

Sr(0) =T fr (0) Vis (0)™" fr () (3)
where Vj; (A) is an estimator of Vj ().

We make the following high level assumptions, which are a slight extension of those
in Kleibergen (2005, Assumption 1):

Assumption 1 The derivative of f; ()

qit (9) = %g(f)a 1= 17 Ry 2 (4)

is such that the large sample behavior of f,(0) = fi(0) — E(f;(0)) and g (0) =



(ql,t (0)/ Gt (8)/), kg x 1, with G+ (0) = ¢it (0) — E(qi+ (0)) and kg = k¢ X p, satisfies

1 T ft(e) KR wf(9)
77 2 (w) (%(e)) )

where Y(0) = (zif; Ez;) is a (kg + ko) x 1 dimensional Normal distributed random process

with mean zero and positive semi-definite (ky + ko) % (ks + ko) dimensional covariance

_ (Vs (0) Vi (6)
ro= <vef ) Vi <9>> (6)

Ur (0)

matrix

with Vos (0) = Vig () = (Vara (0)' - Vagp (0))", Vag (0) = Vs (0), ij = 1,...,p
and Vg (0), Vor.i (0), Voo (8) are ks x ks dimensional matrices fori,j =1,...,p, and

V(0) = limp_o var [\/LT ( Jr(6) )] (7)

vee[qr ()]

with qr(0) = 0fr (0) /00" = 3,2 (q14(0) gy (6)) -

To estimate the covariance matrix, we use the covariance matrix estimator V(@)
which consists of Vi (8) : ks x ks, Vas (6) : kg x ks and Vg (0) : kg X kg. We assume that
the covariance matrix estimator is a consistent one and, because we use the derivative of
the CUE objective function, we also make an assumption with respect to the derivative

of the covariance matrix estimator.
Assumption 2 Vi (6g) 2 Vis (60) and dvec [fo (90)} 100 L dvec [V (60)] /06.

We use an estimator of the unconditional expectation of the Jacobian, J(6) =
E(lim7r—o xgr (/) which is independent of the average moment vector fr(6p) under
HO 10 = 90: ) . R

Dr (o) = lavr (80) = Vara(60)Vis (B0) " fr (60) - .
a7 (80) = Vasp(00) Vs (60) " fr (60)],
where Vy;; (A) are k; x k; dimensional estimators of the covariance matrices Vyy, (),
~ A~ ~ !
i=1,....p Vo (0) = (vef,1 ) ... Vor, (9)') .
Since 220 — 24,(0), sy (0) = Dy () Vi (0)" fr (A), we obtain a Lagrange

90
multiplier (LM) statistic that is based on the objective function of the CUE from:

(8)

KLMy (0) := xs7(0) Zr (0) " s (0), (9)
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where Zr () = Dy () Vi (0)"" Dy (A). Using the KLM statistic and the S-statistic
from Stock and Wright (2000), which is equal to the CUE objective function (3), we

can also define an over-identification statistic:
JK LMy (0) := Sy (0) — KLMy (0). (10)

Theorem 1 Under Assumptions 1, 2 and Hy : 0 = 0y, the limiting distributions of the
S, KLM and JKLM statistics are such that

St (00) 5 x2 (ky)
KLMy (6y) = X*(p) (11)
JK LMy (60) % X2 (ks —p)

and the limiting distributions of K LMy (6o) and JK LMy (0y) are independent.

Proof. See Kleibergen (2005). m
The minimal value of the CUE objective function is attained at the CUE, 5, SO

KLMyp(f) = 0 since it equals a quadratic form of the derivative of the CUE objective
function. Theorem 1 shows that the convergence of the S, KLM and JKLM statistics
towards their limiting distributions is uniform since it holds for all possible values of
J(0). The limiting distribution of the CUE objective function evaluated at the CUE is

therefore bounded by the limiting distribution of the JKLM statistic under Hy : § = 6.

Theorem 2 a. When Assumptions 1 and 2 hold, fr(0) is a linear function of 0 and
V (0) has a Kronecker product form then

0= arg ming J K LMy (0) (12)

S0

Sr(0) = JKLM(8) < JKLMy(60) and Sr(8) < x2 (ks — p). (13)

b. When Assumptions 1 and 2 hold and the expected value of the derivative fo(H)_%ﬁT(Q)
is such that

E(J=V34(0)"2Dr(0)) = Qr(0)C, (14)

where C' is a non-negative diagonal p X p matriz and Qr(0) : kr X p and Qr(8)'Qr ()

18 finite and non-zero, then the limiting distribution of ST(g) s bounded from above as

~ a

Sr(0) = x* (ks —p), (15)
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and from below by the limiting distribution that applies for zero values of C.

Proof. see the Appendix. m

Theorem 2a states that both the S-statistic and the JKLM-statistic have their
global minimum at the CUE such that, since the minimum of the JKLM statistic
is always less than or equal to its value at 6, its limiting distribution is bounded
by the limiting distribution at 6, which is a x*(k; — p) distribution. The conditions
under which this strict dominance property, since JKLMp(6y) > JK LMT(E), holds
apply to moment equations that are linear in the parameters and have a Kronecker
product form covariance matrix. Examples of models that satisfy these conditions are
the linear instrumental variables regression model and the linear factor model, see e.g.
Lintner (1965) and Fama and MacBeth (1973), both in case of homoscedastic errors.
For these models, the S-statistic evaluated at the CUE results as the smallest root of
a characteristic polynomial which can be used as an alternative manner to prove the
stochastic dominance property, see Kleibergen (2007).

The strict dominance property in Theorem 2a is proven using the derivative of the
JKLM statistic. For linear moment equation models with a Kronecker product form
covariance matrix, the structure of this derivative is such that it can only be equal to
zero when the FOC of the S-statistic holds. Hence, the strict dominance property re-
sults. The derivative of the JKLM statistic for more general moment equation models
is still equal to zero when the FOC of the S-statistic holds but it can not be proven that
it is not equal to zero at other points as well. Hence, it is unclear if the strict dominance
property extends towards more general moment equation models. Theorem 2b shows
that an important consequence of the strict dominance property, the stochastic domi-
nance of limr_ o, St (5) by a x%(k; — p) distributed random variable, extends towards
moment equations that are continuous differentiable with respect to # and for which
the expected value of the derivative can be factorized into a part which depends on ¢
and a part which does not depend on . An example of the latter part for the case that
p =1, where E(Vy;(0)Dr(8) = VT |Vis(0)73J(0) = Vas (0)V(6) 2 (8)(0 — 05) |
with @ a value of # on the line segment between 6y and 6, is C = /T and Q7 () =
fo(é’)_% [fo(g)_%J(H) — Var(0)Vi(0)71I(0)(0 — 90)} . Another choice of C' is a value
that is equal to the square root of the eigenvalues of the concentration matrix. The
proof of Theorem 2b uses a fixed value of C' while the sample size goes infinity and
therefore uses weak instrument asymptotics, see Staiger and Stock (1997) and Stock
and Wright (2000).

The stochastic dominance of S7(#) in Theorem 2b is proven using the derivative of
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the limiting distribution function of the S-statistic evaluated at the CUE with respect to
C'. Because this derivative is non-positive, the value of the limiting distribution function
of the S-statistic for a specific value of C' is bounded between the values that result from
the limiting distributions for zero and infinite values of C. The limiting distribution
of the S-statistic converges to a x*(k; — p) distribution when 6 is well identified, so
J(0) has a full rank value, see Kleibergen (2005), and the limiting distribution of the
S-statistic is therefore bounded from above by the x*(k; — p) distribution and from
below by the limiting distribution that applies for a zero value of C.

The objective function evaluated at the CUE equals the J-statistic of Hansen (1982),
which tests for misspecification, when evaluated at the CUE. Thus Theorem 2 shows
that the x? (k; — p) distribution bounds the limiting distribution of the J-statistic when
we use the CUE to compute it.

2.1 Subset tests

Instead of conducting tests on the full parameter vector #, we often want to test just
some of the parameters. We can use the above statistics for such purposes as well. For
example, if 6 = (o/ i f'), with @ : p, X L and 3 : pg X 1, p = p, + ps, we can test a
hypothesis that is specified on 8 only, Hf : 8 = f3,, in which case o becomes a nuisance

parameter. We estimate « using the CUE under Hf, a(5,).

Theorem 3 Let a(f,) = argmin, St (o, By). When Assumptions 1, 2 and Hj : =
Bo holds and the expected value of the derivative fo(0>_%.ba7’f(0), where

~ ~

Dr(a, 8) = (Dagr(. 8) ¢ Dyr(a. B)), (16)

with lA)avT(oz,ﬁ) kg X po and lA)B’T(a,B) : kg X pg, is such that
E(=V;4(0)"2 Dar(0)) = Qr(0)C, (17)
where C' is a non-negative diagonal p, X po, matriz and Qr(0) : ki xXps and Qr(8)'Qr(0)

is finite and non-zero, the limiting distribution of St (a(B,), By) is bounded from above

Sz (3(By), Bo) = X2 (ki — Pa) (18)

and from below by the limiting distribution that applies for zero values of C.



Proof. If Sy (a) = Sy (a, B,) , Theorem 2b shows that Sy () % X (kf — pa) and
since Sr (@) = Sy (a(f,), By) , the result follows. The same argument applies to the

lower bound. m

Theorem 3 implies that the maximum probability over all nuisance parameters of
rejecting H using St (a(8,), 5y) with an (1 — ¢) x 100% significance level is equal to
(1 — ¢) x 100%. This rejection probability is achieved when « is well identified and
implies that Sy (a(8,), 5,) is a size correct test in large samples. Theorem 4 shows
that the size-correctness of the subset S-statistic extends to subset KLM and JKLM

statistics.

Theorem 4 When the Assumptions from Theorem 3 and Hy : B = [, hold, then the
limiting distributions of KLMr (a (8,) , B,) and JK LMy (a(B,) , B,) are bounded from

above as a
KLM7 (& (8,),8,) = x*(ps)

JK LMy (a(By),B0) = x° (ks —p)
and from below by the limiting distributions that hold for a zero walue of C. The

(19)

upper bounding x* (ps) and x* (k¢ — p) random wvariables for K LMy (& (B,),3,) and
JK LMy (a(By),B,y) are stochastic independent as well as the lower bounding random

variables.

Proof. see the Appendix. m

The strict dominance that we used to proof Theorem 2a can not be used to proof
Theorem 4 even for linear moment equation models with Kronecker product form
covariance matrices. The proof of Theorem 4 therefore follows a similar argument as
the proof of Theorem 2b.

The bounding argument of the KLM and JKLM statistic further extends to sta-
tistics that are functions of them like, for example, the GMM extension of the MLR
statistic of Moreira (2003), which was proposed in Kleibergen (2005).

Theorem 5 When the Assumptions from Theorem 3 and Hj : = 3, hold, the con-
ditional limiting distribution of the GMM extension of the MLR statistic:

GMM-MLRy (& (By),B0) =3 [Sr(@(8y) , Bo) — rk(a (8,) , Bo)+

\/(ST(a (Bo)  Bo) + k(@ (By) , B))* — 4T K LMy (@ (8y) , Bo) rk(@ (5,) ’50)}
(20)




with 7k(0y) a statistic that tests the hypothesis of a lower rank value of J(0y), H, :rank(J(0y)) =
p—1, and is a function of ﬁT(HO) and the (generalized) inverse of Vgg,f(Qo) = ‘799(90) —
Vor(00)Vis(00) " Vie(0o); given rk(a(By) . By) is bounded by

5 orc e = 1@ 00 80) + e+ -4 TG (50) B0~ dar(@ (50). 50
(21)
where @y and ¢ are independent x*(pg) and x*(k; —p) distributed random variables.

Proof. The proof of Theorem 4 shows that Dsr (@ (8,),/3,) is conditional on
(@(8By) s Dax(@(8,) , B,)) independent of fr(& (3,), B,) and therefore of Sp(& (8,) , ;)
and JK LMy (a(B,), By) - Since ZA?B,T(& (Bo) s Bo) can only be computed using the real-
ized values of (@ (8,) , Da.r(@(B,) . 3,)), the conditional independence extends to un-
conditional independence since D1 (d (8,) , 3,) is not involved in the construction of
(@(By) s Dar(@(8y),B,)). Hence, k(@ (B,) , 3,) is independent of Sp(@ (8,),3,) and
JKLMry (a(By),By) - Given rk(a (8,) , 5y), the GMM-MLR statistic is just a function
of the KLM and JKLM statistics. The derivative of the GMM-MLR statistic with
respect to both the KLM and JKLM statistics is positive so the bounding properties
of the limiting distributions of these statistics imply the bounding property of the
conditional limiting distribution of the GMM-MLR statistic. m

The bounding results on the (conditional) limiting distributions of the subset S,
KLM, JKLM and GMM-MLR statistics imply that we do not need to make any iden-
tifying assumption on the unrestricted parameters since the (conditional) limiting dis-
tributions that we would obtain when the unrestricted parameters are well identified
provide upper bounds on the (conditional) limiting distributions in general. Hence,
we have established that the aforementioned subset tests are correctly sized in large
samples without making any assumptions about identification of the parameters of the

model.

2.2 Nonlinear restrictions

The bounding results of the previous section extend to general nonlinear restrictions
of the kind studied, for instance, by Newey and West (1987). Let h : © — R" be a
continuous differentiable function with r» < p, and p is the number of parameters in 6.

We are interested in testing the hypothesis

Hy:h(0) =0, against H;:h(0) #0. (22)



Let 67 = argming {S7 (A) : h () = 0} denote the minimizer of Sy (A) subject to the

restrictions implied by the null hypothesis. Then, we have the following result.

Corollary 1. Under the Assumptions from Theorem 8 and when Hy : h(0) =0,

Sr(0r) = x2(kf—p+r).
KLMy (67) =2 (r) (23)
JKLMyp (07) =% x2(ks—p).

Proof. First, reparametrize 0 into («,3) = ¢g(0) = [g1(0),h(0)] such that
g ' (a, B) exists. Then, the restrictions become equivalent to 5 = 0 and the result

follows from Theorem 3, 4 and 5. m

Corollary 1 further extends to the GMM-MLR statistic as well but we left it out

for reasons of brevity.

2.3 Projection-based testing

Projection-based tests do not reject the null hypothesis Hf : 5 = 3, with (1 — ¢) x
100% significance when there are values of ag such that a statistic that tests the joint
hypothesis Hy* : 5 = [, & = ay is less than the (1—¢) x 100% critical value that results
from the limiting distribution of the joint test. When the limiting distribution of the
statistic that is used to conduct the joint test does not depend on nuisance parameters,
the maximal value of the rejection probability over all possible values of the nuisance
parameters is less than (1—¢) x 100% so the projection based tests control the rejection

probability but are conservative, see Dufour and Taamouti (2005a,2005b).

Theorem 6 When the Assumptions from Theorem 3 and Hj : 3 = B, hold, a non-
significant value of the subset S, KLM, JKLM and GMM-MLR statistics for testing
H; - B = B, implies that the projection-based counterpart of the involved statistic is

also non-significant.

Proof. Since Sp(8,) = Sr(a(B,), By), if St(B,) is less than the (1 — ¢) x 100%
critical value of a x?(k; —pg) distribution, Sr(a (8,), B,) is less than the (1—¢) x 100%
critical of a x*(ks) distribution. The same argument applies to the KLM, JKLM and
GMM-MLR statistics as well with the appropriate (conditional) limiting distribution.
]
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Theorem 6 implies that the subset statistics are more powerful than the projection
based statistics and therefore lead to (on average) a smaller confidence set.

The results on the limiting distributions for the different subset statistics show that
we can allow for general values of the Jacobian J () while using the same (conditional)
critical values as under the assumption of a full rank value of J(#). To determine any
additional effects on the statistical inference of the rank value of J(fy), we analyze the

power of the subset statistics at distant values of the hypothesized parameter.

3 Behavior at distant values

The parameters of the moment equations of many economic models are such that they

can be cast into a generalized polar coordinate specification so

with h; : R — R invertible, n = (,...7,) :px 1L, r:1x1L,r e R, p:px1, p'p=1.

For example:

e Linear IV regression model: f;(0) = ((ys — Xi0) ® Z;) : 0 = re.

e Consumption capital asset pricing model, see Hansen and Singleton (1982):

£16.5) = <(6 (—)B< § Ri) - ) © Zt> . (25)

The discount factor is given by § (€ RT) and § is the risk aversion coefficient.
The vector R; is a [ x 1 vector of asset returns at time ¢, C; is consumption at
time ¢ and ¢; is a [ x 1 vector of ones. The vector Z, contains the instruments.

We can now specify 1 such that

() = (7). () = (12), (26)

which implies that the moment equations become:

filr, o) = ((L + Ryiq) exp [7"(901 + ¢y log (C’gl)} ® Zt> : (27)

11



e Panel autoregressive model of order one with exogenous variables and Arellano-

Bond moment equations, see Arellano and Bond (1991):

fi(p, B) = (Ay, — pAy,_1 — AXyB) @ Zy - p =191, B = 10, (28)
where X, consists of exogenous variables and Z; contains the instruments.

The polar coordinate specification implies that the value of the subset statistics at

distant values is the same for all parameters.

Theorem 7 When 0; = h;(ry;) with h; : R — R, invertible, r : 1 x 1, r € RT,
o=(p1...0,) 1 px 1, ¢o =1, it holds that

limg, o0 ST(@ (Bo) 5 Bo) = limy o0 Sr(h(ro® (10))),
limﬁo_wo KLMT(& (60) ,50) = limro_,oo KLMT(hO”()@ (To))), (29)
limﬁo_)oo JKLMT(& (60) ,60) = limro_,oo JKLMT(h(T()& (To))),

limg oo GMM-MLRp(c (By),B9) = limyg—oo GMM-M LRy (h(ro (10))),

with (o @ 8') = h(re) = (h(res) .. hy(rey))"

Proof. see the Appendix. m

Theorem 7 implies that, since the subset statistics for different parameters of inter-
est are all the same at distant values, the power of the subset tests at distant values is
completely governed by the least identified parameter. Hence, if for those parameters
that are well identified the subset statistics will be non-significant at a distant value if
one of the other parameters is only weakly identified. The value of the subset statistics
at such distant values can therefore be interpreted as an identification statistic. This
property can be revealed in full when the moment equations are linear in which case
the value of the subset S-statistic at a distant value corresponds with a statistic that

tests for the identification of any of the parameters.

Theorem 8 If f;(«, 3) is linear in o and 3,

fila, B) = fi + ((g)/ 02y ka) q=fi+r (@, ® ]kf) Gt (30)

12



where f; : k x 1 is non-zero and does not depend on the parameters, it holds that

limg, o0 ST(a (By) , Bo) = 1
ming, ppos veelarel [(¢' @ ;) Voo (0 @ 11,)]  veelare] (31)

min, vec [QT@)}/ [((}/)/ X ka> Vgg <($)/ X ka>]1 vec [QT@)] )

where %9 is an estimate of Vg and qr = qr(0) since it does not depend on 6.

Proof. see the Appendix. m

The expression of the S-statistic for large values of /3, provided in Theorem (8)
corresponds with a rank statistic that tests for a reduced rank value of the Jacobian

J(0). This holds since any k X p matrix A can be specified as
A=370 aidib, (32)

witha; : kx1,b,:px1, N\:1x1,i=1,...,p, and aja; =1, aja; =0, i # j, bib; = 1,

bib; = 0,14 # j. Hence, ¢ is identical to that b; for which N [(bi’ ® I) Voo (b; ® Ik)} a;
is minimal. The reduced rank statistic with which the S-statistic for large values of 3,

corresponds differs slightly from the reduced rank statistics of Cragg and Donald (1997)
and Kleibergen and Paap (2006). The rank statistic of Cragg and Donald (1997),

CD(Q) = minQoel"(p) T_1<QT(aa 6) - qo)/%gl(QT<Oéa 6) - QO>7 (33)

with gy = vec(Qo), Qo : k x p and I'(p) is the space of k x p matrices with rank less than
or equal to p, is identical to the S-statistic at large values of 3, when we would replace
. . -1

Vsl = ((by...by) ® L) [<<b1 b)) @ L) Vg (b ... by) @ Jk)} ((bs...b,) ® ) by

-1

((by...by) @ I) [((0...0 bi0...0) @) Vap ((0...0 by 0...0)@1@} ((by...b,) @ I)
where we used the decomposition from (32). This implies that the covariance matrix
which we invert for the S-statistic is typically larger than the one used for the Cragg-
Donald (1997) rank statistic so the value of the S-statistic will typically be smaller
than the value of the Cragg and Donald (1997) rank statistic. An important and nice
feature of the rank statistic that results from the S-statistic compared to the one of
Cragg and Donald (1997) is that it results from the (numerical) optimization over p— 1
parameters while the Cragg and Donald (1997) statistic results from optimizing over
(k 4+ 1)p — 1 parameters. Hence, there is a large numerical advantage in usage of the

rank statistic that is implied by the S-statistic.
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The expression of the S-statistic at distant values shows a manner of extending
the concentration parameter, see e.g. Phillips (1983) and Rothenberg (1984), from the
homoscedastic linear instrumental variables regression model towards GMM. In the
homoscedastic linear IV regression model, it holds that the Anderson-Rubin Statis-
tic, see Anderson and Rubin (1949), of which the S-statistic is the extension towards
GMM, equals the first stage F-statistic when p = 1 and 0 is large. The concentration
parameter is equal to the first stage F'-statistic when all statistics are replaced by their
expectation. Hence, a suitable expression for the concentration parameter in GMM

would be:

CONPAR-GMM =

: : o (34)
ming, ye—1 vee [J(0)¢] [(¢' @ L) Voo (¢ @ Ii)] " vec [J(0)¢] .

For the other statistics, it is also possible to find the expressions when the moment
equations are linear and the tested parameter is large. Since these expressions lack a

straightforward interpretation, we deferred from constructing these expressions.

4 Simulation results on size and power

We conduct three sets of simulation experiments to investigate the size and power of

the different test statistics analyzed in the previous section.

4.1 Linear IV model

The first experiment is based on a prototypical IV regression model with two endoge-
nous variables, which is identical to the one studied by Kleibergen (2006). The model

is given by

y=XB+Wy+e
X =ZlIx +Vx
W = Zlly + Vi

where y, X, W, Z are Tx1,Tx1, T x1, T xk respectively, vec (53VX5VW> ~N(0,2®Ir),

Y is 3x3, (B, are scalars and Ilx,II; are k x 1. In the simulations, we set T = 500,
v =1,k = 20 and ¥ = I3. The latter is assumption is used in order to abstract

from endogeneity and make the problem exactly symmetric, as explained in Kleiber-
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gen (2006). Z is drawn from a multivariate standard normal distribution and kept

fixed in repeated samples. The quality of the instruments is governed by the 2x2
concentration matrix ©’'0. In this specific example, © = (Z7'Z )1/ >(IIy Oy ), and

we set all elements of the k x 2 matrix © to zero except for ©1; and O4y. These govern
the quality of the instruments for estimating § and v respectively. Each experiment is
carried out with 2500 replications.

The null hypothesis is Hy : f = 0, each for all statistics except W2S, v is set
at the restricted CUE, y,yp. The tests statistics that we simulate are S, KLM,
JKLM, CJKLM (a combination of the KLM and JKLM), and two Wald statistics:
W uses Yopp- and W2S uses 2-step GMM to estimate 7. The GMM estimators
uses the White (1980) Heteroskedasticity Consistent covariance estimator of Vy; and

Vio: ‘7ff - %Zt(ft_ﬂ(ft_-f)lv fo = Zi(ye = XiB = W), [ = %th and

~ — 4 X
VfGZ%Z(ft_f)(Qt_qyaQtE%:( Ztm;)7q=%ZCIt~
LYVt

The results are reported in figure 1. We observe that the results look essentially
identical to the results reported by Kleibergen (2006, Panel 2) and partly reproduced
in Figure 2 above. This shows that the conclusions concerning the conservativeness of
the S;KLM and JKLM subset tests and their power against distant alternatives extends
from the IV to the linear GMM setting.

This experiment was based on iid data. We next turn to a situation with dependent
observations. For this purpose, we look at a prototypical dynamic stochastic general

equilibrium (DSGE) model of the kind that is typically used in macroeconomics.

4.2 DSGE model

A prototypical DSGE model of monetary policy looks like, see Woodford (2003):

Ty = 6Et7rt+1 + KTy (35)
Yo = Byyp1 — T (Tt - Et7Tt+1) + g (36)
e = prio1 + (1= p) (BB + YEie ) + erg (37)

Tt =Yt — %t

where E; denotes the expectation conditional on information up to time ¢, 7, y;, ¢, 4

denote inflation, output, nominal interest rates and output gap, respectively, and z;
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Figure 1: Power curves in the linear IV model, computed using White’s covarinace
estimator. 5% significance level.
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and g; represent technology and taste processes, while ¢;, is a monetary policy shock.
This model was recently used by Clarida, Gali, and Gertler (2000) and Lubik and
Schorfheide (2004) to study the postwar monetary policy history of the US.

The parameters of the model can be estimated by full- or limited-information meth-
ods. Here, we focus on the single-estimation GMM approach that is based on replacing
expectations with realizations and using lags of the variables as instruments. This is
the method used in seminal papers by Gali and Gertler (1999) for the new Keyne-
sian Phillips curve (35) and by Clarida, Gali, and Gertler (2000) for the Taylor rule
(37). Both equation have two parameters and two endogenous variables, so they are
well-suited for our simulation experiments on subset tests.

The simplest model to simulate is the Taylor rule (37) with p = ¢ = j = 0. This is

simply an IV regression model but with dependent data.

4.2.1 Taylor rule

To keep the model simple and symmetric, we assume that 7; and x; follow AR(1)

processes

Ty = PrTi—1 + Uy (38)
Tt = PrpT—1 + Vet (39)

The version of equation (37) with p =i = j = 0 is the original Taylor (1993) rule:
Ty = 671} + Yt + 57’,1&- (40)

The strength of the identification of 3 and + is governed by p, and p, respectively. In
particular, the signal-noise ratio (concentration) in the autoregressions (38) and (39)
is )

O :Tlf—ip?, i =T,
SO

_ O .
p; = \/ﬁ’ I=T,T
The innovations are simulated from independent Gaussian white noise processes

with unit variance, and the sample size is set to 1000. Equation (40) is estimated
by GMM using 10 lags of m; and z; as instruments, so that £k = 20 as in the previ-

ous experiment. Apart from serial dependence, the other difference from the previous
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experiment is that the we use the Newey-West (1987) heteroskedasticity and autocor-
relation consistent estimator of Vyy and V.

The power curves for various instrument qualities are reported in figure 2. The
power curve look remarkably similar to the linear IV model, and show that the conclu-
sions extend to the case of dependent data and the use of a HAC covariance estimator.
(Note that we have renormalized the § to make it’s range comparable to the range of
B in figures 1 and 1),

4.2.2 New Keynesian Phillips curve

Equation (35) is a model of inflation with sticky prices based on Calvo (1983). Assume

the unobservable exogenous processes z; and g; follow

Zt = P21t €zt

gt = P.Gt-1 t €yt

This is a standard assumption (see, e.g., Lubik and Schorfheide 2004). It can be shown
(see Woodford, 2003) that the determinate solution for x; must satisfy:

Ty = Qg2 + ArgJt + Qgrrt

for some constants a,., a,, and a,, Hence, the law of motion for 7, is determined by

solving the model (35) forward by repeated substitution:

Ty = HZ(SJEt <$t+j)

=0
KQgy N Klgg N .
- z RQgrEr
1— op, tT 5pggt it

The limited information approach estimates the following equation by GMM using

the moment conditions E;_ju; = 0:

T = KT + (57Tt+1 + uy (41)

up = —0 (7Tt+1 - Eﬂtﬂ) .

The endogenous regressors are x; and 7,7 and the instruments are lags of z; and
. The key difference from the Taylor rule is that the error term u, exhibits serial

correlation, which is typical of forward-looking Euler equation models. Thus, the use
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Figure 2: Power curves for the Taylor rule, computed using the Newey-West covariance
estimator. 5% significance level.
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of a HAC covariance estimator is imperative.

As it may be anticipated, the identifiability of x and ¢ depends on p, and p,.
In particular, the model is partially identified when p, = 0, or p, = 0, or p, = p,.
Measuring the quality of the instruments is possible, using a generalization of the
concentration matrix for non-iid data, but the resulting expression is not analytically
tractable. Moreover, in order to simulate data from equations (35) through (37) we
need to specify all the remaining parameters 7, p, 3,y and the covariance matrix of the
innovations €., €4, and €,;. Thus, instead of trying to set the parameters in order to
control the degree of identification, we take them from the literature. In particular,
we set them to the posterior means reported by Lubik and Schorfeide (2004, table
3).estimated using quarterly US data from 1982 to 1997. The estimated values of p,
and p, are 0.85 and 0.83 respectively.!

The null hypothesis for the subset test is chosen as follows. A key parameter in the
Calvo model is the probability a price remains fixed, «, which is linked to x and ¢§ by:

(1—-0a)(1—ad)

R = .
(6]

So, we consider tests of Hy : & = 1/2, which is a nonlinear restriction on the parameters
k,0. The instruments include four lags of m; and x;, i.e., k = 8.

The results are reported in Figure 3. We report power curves both for the case
p, = 0.85,p, = 0.83 (left panel) and for the case p, = 0.1,p, = 0.05 (right panel)
in which both x and ¢ are nearly unidentified. The identification-robust tests have
virtually no power, and are even conservative over some region of the parameter space.
In contrast, the two Wald statistics are dramatically over-sized. These results are
remarkable, in view of the fact that the parameters have been set to their estimated
values. The pictures look extremely similar if, instead of the estimates of Lubik and
Schorfheide (2004), we used the estimates reported by Clarida, Gali, and Gertler (2000),
so the latter results are omitted. Notice also that the tests are conservative in the case
when the model is partially identified (left panel), as well as in the case in which both

parameters are weakly identified (right panel), in accordance to the theory.

! Clarida, Gali, and Gertler (2000) set p, = p, = 0.9 in their simulations. When we use these values
instead, the results are virtually identical.
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Figure 3: Power curves for tests of the null hypothesis @« = 1/2 in the Calvo model,
computed using a Newey-West covariance estimator and 5% significance level. The
data are simulated from the DSGE model in Lubik and Schortheide (2004). In the left
panel: p, = 0.85, p, = 0.83; in the right panel: p, =0.1,p, = 0.05

5 Conclusions

The above analysis shows that the upper bounds on the (conditional) limiting distri-
butions of the subset statistics extend from the linear IV regression model to GMM.
Hence, the conservativeness of the subset tests extends from linear IV to GMM. The
lower bound on the (conditional) limiting distribution of the subset statistics in the
linear IV regression model is of lesser importance. The power at distant values of the
parameter of interest is, however, of importance and we will extend this result from
the linear IV regression model towards GMM in future work.

Since the parameters on the included exogenous variables can be partialled out
analytically in the linear IV regression model, the results on the subset statistics in
linear IV regression models are only important for testing the structural parameters in
models with more than one included endogenous variable and for testing the parame-
ters of the included exogenous variables. Since many linear IV regression models used
in applied work only have one included endogenous variable, the results on the subset
statistics are not relevant for all empirical studies that use the linear IV regression
model. However, in GMM it is typically not possible to partial out any of the para-

meters so the results of the proposed research are of importance for almost all models
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that are estimated by GMM. They therefore provide a solution to a long-standing
problem of inference in models in which any identification assumptions are usually too
strong. An important class of such models are dynamic stochastic general equilibrium
(DSGE) models, e.g., the New Keynesian monetary policy models described in Wood-
ford (2003). These models are currently at the center stage of empirical macroeconomic
research, especially with regards to monetary policy, see Gali and Gertler (1999), Clar-
ida, Gali, and Gertler (2000), Lubik and Schorfheide (2004), Christiano, Eichenbaum,
and Evans (2005). Empirical macroeconomists and central bank staff use such models
to study macroeconomic fluctuations, to offer policy recommendations and to forecast
indicators of economic activity. Unlike other rational expectations models to which
identification-robust methods have recently been applied, for instance, the stochastic
discount factor model in Stock and Wright (2000) and Kleibergen (2005), the current
generation of DSGE models are sufficiently rich to match several aspects of the data.
Thus these models present a more natural application of the proposed methods, and,
as a result, this paper provides an important methodological contribution to applied

macroeconomic research.
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Appendix

Lemma 1. Fora:kx1, A:kx1,60:1 x 1, it holds that

a’ (88%) a= 2a'MA%—?(A'A)*1A'a.

Proof. We specity < aﬁ as

Lo = B+ A [ g (B
— DAWA) A — A(AA)TE (L) AN A) A — A(AA) LA (L) (ATA) A+
AN A (53)
= Ma (%) (AA)TA + AN A (2) My

from which the result follows. =

Lemma 2. When V;;(0)~' = V() 2'Vy4(6) "2, 0 : 1 x 1, it holds that

Proof. Because fo(@)_l = fo(e)félf/ff(e)f%, fo(9>7§fo(9)fo(9)7%/ = [kf and

—8 -1 ¥ _ 1 dVip(O)\ 7 1 N 1 BV - (8)~
(25— Vis (O)Vi(8) "% + Vyp (6) 2 (ZH52) Vi ()3 + Vi (6) 2V (6) (F55—) =0,

such that W = —Vip(0) 2V (0)Vy(0) " since 2L W = Vs (0) + Vs (0). m

Proof of Theorem 2 a : The minimal value of ST(H) is attained at 6 so sy <9) =

;8587; % — (. Because K LMz (0) is a quadratic form of st (0) and sy (5) =0, M%—W =

0 and since Sy () = K LMy (0) + JK LMy (0) also %ﬁ,ﬁ() = 0. To show that the
JKLM statistic indeed has a global minimum at 6’, we construct its derivative. For

expository purposes we use that p = 1 and introduce
f#(8) = J5Vip(6)72 fr(0) and Di(6) = —=Vy4(6) 2 Dr(6),

where, because of Lemma 2, 8?—9@ — Dx(0) and Sp(0) = f5(0) f:(0), JKLMp(6) =
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f}(@)’MD%(g)f}(G), st (0) = D3 (0) f(0). Using Lemma 1, we can obtain that:

* 15} 5
QKLU0 g pr () My, ) Li2 fTw)'[ b “)}fT()

= —2£7(0) Mp, (0, 252 (D5(0) D3(0)) D3 (0) f(6)
= —27(0) Mp, ) 55 (D3(0) D3(0)) s (0)

o0’
JKLM statistic equals the derivative of the S-statistic multiplied by

since M ﬁ;(e)m =M b}(@)f)ﬁ}(ﬁ) = 0, and which shows that the derivative of the

— J7(0) Mp, o 222 (D30 D3 (0)) .

To determine if the JKLM statistic has local maxima/minima that do not coincide with
those of the S-statistic, we study whether the FOC for the JKLM statistic can hold
for other points of # than those at which the FOC holds for the S-statistic. Thus we
check if the factor by which the derivative of the S-statistic is multiplied to obtain the
derivative of the JKLM statistic can be equal to zero. For this we need the specification
of the derivative of D (6) with respect to 6 :

aDx.(0 ~ R .
= - fo<0) |: %f(e)fo(Q) 1D (Q) + 9qr(0)

00 % 00
Vag  (0)V55(0) 7 fr(8) — Voo (8)V5(8) " fr(8) + Vs () Vi (6) ™
[V@f(e) + VH@)} Vip(0)71 fr(0) — Vo (0)Vy(0) " qr(6)

00
Voo 1 (0)Vir(0) 71 f(6) — (Voo () — Vs () Vi (0) 7 Vs () ) Vs (0) 7 £r(6) | |

20y 00V (0) D) + 252 -

where we used Lemma 2 to obtain %fo(ﬁ) 2 and avgf(e) = A7q () + Vpo(0) with

d@
V%g ;(0) an estimator of the covariance between aqT and fr(0).
When f7(6) is a linear function of 6 and V(6) has a Kronecker product form such

that Vys(h) = anf(H) and Vpg(8) = bV;4(A) with a and b scalars (b > 0), the above
oD% (6)
90

specification of implies that

9D (0 _1, ~ A RS A B
Mpy 5252 = MD*(e)fo(Q) 51(‘/99(9)—‘/%(9)%(9) "Vor(0))WVip(0)~ fr(0)
= cMp:o)Vys(0)72 fr(0)

24



since, because of the Kronecker product form of V(@),

N

Mp: o)Vi£(0)~2Vor(0)Vy(0) 2 Dp(0) = aMpy e Vis(0) "2 Dr(6) =0,

and, because of the linearity of fr(0), aqge(e) =0 and f/% f(9) = 0. The scalar ¢ is such

that ¢ = b — a2, with ¢ > 0 since
Voo (0) = Vo (0) Vi (8) Vs (0) = (b — a®) Vi (6)
is a positive definite covariance matrix, and implies that
F7(0Y M, 02250 — cf5(0) Mp, (5 3(6) > 0.

Hence, since (D3(0) D4(0))~" is larger than zero as well, the derivative of the JKLM
statistic is only equal to zero when the derivative of the S-statistic is equal to zero so
the FOCs of the S and JKLM statistic coincide as well as their values when the FOC
holds. Hence both the S and JKLM statistic have their minimal values at the CUE in

case of linear moment equations and a Kronecker product form covariance matrix.

Proof of Theorem 2 b : For expository purposes, we use that p = 1. Using the mean

value theorem we can specify f7(6) (defined in the proof of Theorem 2a) as
f1(0) = F7(00) + D(0)(0 = 60),
where 6 lies on the line segment between 6 and 6,. Hence,
E(f7(9)) = E(D7(8))(6 — 6o)
which can be used to denote f5(6) as
F1(0) = E(f1(0)) + [2(0),

with f£(0) = f:(6) + Di(0)(0 — 6y), Di(0) = Di(6) — E(D%()). Our assumption on
the expected value of the derivative D (6) is such that

E(D3(60)) = cQr(0),

where c¢ is a finite non-negative scalar and Qr(6) : k¢ x 1 and ¢ primarily reflects the
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length of E(D#(6)) such that Q(6) has a finite non-zero length. An example is:
E(D3(0)) = VT [Vis(6)"2J(9) = Vosr(6)V3s(6) 1T (0)(0 — 00)|
and
¢ = VT, Qr(8) = Vis(0) "+ [Vyr(0) 2 J(0) = Vs (0)Vyr(0) 1T (B)(0 — 00)|

We analyze the sensitivity of the S-statistic for a fixed value of ¢ while T" goes to infinity
which is identical to a weak instrument setting which uses a fixed value of VT J(f), see
Staiger and Stock (1997) and Stock and Wright (2000).

At the CUE, the S-statistic coincides with the JKLM statistic

Sr(0) = §13(0) Mp, G f+(0) = TK LMz (6)
and we evaluate the sensitivity of the JKLM statistic at the CUE with respect to an
increase in c.

Because of Assumption 1, the conditional limiting distribution of M e (0) 7 (5) given

(6, D(8)) is a (degenerate) normal distribution:
Mp, iy 1 @N@. D3@) — N(eMyy, )@ (O)F — 60). Moy, ).

where the deviation of ﬁ} (5) from its mean does not appear in the mean of the above
expression since the covariance between D;(Aé) and f}(bv) is equal to zero. Given
(6, Dz (5)) JKLMz(f) is therefore in large samples a realization of a non-central
x?(ky—p) distribution, since the rank of Mp. Dz ) 1s k ;—p, with non-centrality parameter?
(0 — 00)Qr(6) M QT( )(6 — 6). The conditional non-central y (ks — p) limiting

distribution of JKLMT(Q) is a restricted one since 6 = arg miny f7(0) f3(0), so 0 re-
sults in the minimal value of f7(0) f7.(0) where f7.(0) f7(0) has for each value of 6 a

(non-) central x? limiting distribution, which implies that the non-central x*(k; — p)

2Defining D5 (0), - (ky — p), D30, D) = 0, the conditional dis-
tribution  of (ﬁ}(g) D (5) )~ %D ( )L fT( ) given (5, [);;(5 ) is normal with mean
c(ﬁ}(é)lb}(@)l)*%ﬁ* (N)J_QT( )6 — 00) and covariance matrix I, , so the conditional dis-
tribution of the quadratic form of (DT(G)J_D;(Q) )~ 2DT( ) fr(0 6) is a non-central X with ky — p
degrees of freedom and non-centrality parameter c2(6 — 6,) Qr(6) M )QT( )@ — 6,). This

quadratic form is identical to the quadratic form of f}(é) with rebpect to My, - @) which equals

JK LMy ().
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distribution has a restricted support. The latter results since (6, D), f2(6)) all result
from the minimization of f7.(0) f7(0).

To analyze the sensitivity of the JKLM statistic evaluated at the CUE with respect
to ¢, we construct its derivative with respect to c. Since c is a parameter of the data

generating process, the derivative of the CUE with respect to ¢ consists of the sum

of the partial derivatives of the three different random elements of which JK LMr(6)
consists: f3(6), Dz (6) and 0 :

1dJKLMr(0) _  19JKLMr(0) df;(0)

2 dc -2 af;(é)/ - dc~
l (9JKLMT(9) dfT(Q)
2 ofr(oy  de

1 8JK LM (9) dD5(0)

1 8JKLM7(0) df
+ 2 aﬁ%(@)/ de + 2 Y4 dc

00

OJK LM (6

which holds since 5 ) = 0 as shown in the proof of Theorem 2a, and

b = —207(0) D3(0)(D3(0) D3(0) " f3(0) M, 6y = O,

since f3(0)' D (6) = 0. The derivative shows that, for small changes in ¢, the change
of JK LMy (5) that results from the change in ¢ is implied by the change in f. (5) that
is caused by the change in ¢. Thus the derivative of the limiting distribution function
of JK LMy (5) with respect to c solely results from the derivative with respect to c of
the conditional limiting distribution function of JK LMy (6) given (4, D (A)) which is

a (restricted) non-central x? distribution:

4Py JKLMp(f) < z] =
I [&PrlIK LM (0) < 2[0 = y, D3(0) = D] 15,5, D).

When c increases, the non-centrality parameter of the non-central y? limiting distribu-
tion of JK LMy(6) given (6, D3()) increases. Non-central y? distribution are bounded
from above by non-central x? distributions with a larger non-centrality parameter and
the same degrees of freedom parameter.> The change of ¢ therefore results in a condi-
tional non-central x? distribution that bounds the original conditional non-central x?

distribution from above so the derivative with respect to ¢ of the conditional limiting

3This property can be shown by using that a non-central y? distribution is a Poisson mixture of
central x? distributions. Central x? distributions are increasing in the degrees of freedom parameter,
see Ghosh (1973), which property can be used jointly with the Poisson mixing property to show that
non-central x? distributions are bounded from above by non-central y? distributions with a larger
degrees of non-centrality parameter and the same degrees of freedom parameter.
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~ A ~

distribution function of JK LMy (6) given (8, D#.(6)) is negative:
L Py[JK LMp(0) < 2|0 =y, D3(6) = D] < 0.

Since the sign of the derivative with respect to c of the limiting distribution function
of JK LMT(g) solely results from the sign of the derivative with respect to ¢ of the
conditional limiting distribution of JK LMy(f) given (6, D3 (), the derivative with

respect to ¢ of the marginal limiting distribution of JK LMp(6) is also negative
L pr[JK LMy (f) < 2] < 0.

Thus the limiting distribution of JK LMz (6) is bounded from above by the limiting
distribution that results from a larger value of ¢ and from below by the value that
results from a smaller value. The limiting distribution of the JKLM-statistic for any
value of ¢ is therefore bounded from above by the limiting distribution that results for

an infinite value of ¢ which is the x*(k; — p) distribution:

Sr(0) = JKLMz(8) 2 2 (ks — p)

and from below by the limiting distribution that results for a zero value of c.

The above proof results from a local argument which can be applied since the deriv-
ative of the JKLM statistic with respect to  and D3(0) is zero. The local argument
therefore allows us to keep (5, Dy, (5)) fixed when we analyze the derivative of the lim-
iting distribution function of the JKLM statistic with respect to c. For large changes
of ¢, there are obviously effects on 6 and Dy, (5) The conditional non-central x? distri-
bution of JK LMy (0) given (0, Di.(6)) is therefore identical to a central y? distribution
when ¢ is large since the non-centrality parameter of the conditional non-central y?
distribution gets close to zero for large values of c. To show this, we determine the
order of (8 — 6,)'Qr(8) M P (Q)QT( )(6 — ) as a function of ¢ which can be obtained

by decomposing the FOC of the S-statistic using the mean value expansion of f7(¢ ):

fa
~~
33
—

fa
N—

I

) |cQe(®)(® —00) + o 6)] i =0
= 90)+0D*< )'Qr(f )(Q 90)+CQT( ) fr (6 )
r(0)] (@B Fo(B) + D3 (B Qr(0)(@ - eo>+%D (é)' r(0)] =0

S
9
S
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fa)
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Q
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which shows that 0 — 0y is proportional to % for large values of c. Similarly, using mean

value expansions of %IA?T (A) and Q(A) :

%ﬁT<9) = QT(

>
N—
Q=

o]

S

—~

e
S—

Qr(0) = Qr(6o)

where 6§ and 0 are on the line segments between 6 and 6, and 6 and 6, resp., we can
show that %f)T (0)—Q(6) and Q(A)—Q(6,) are proportional to L as well for large values
of ¢ since § — 6, and 6 — 6, are proportional to % This implies that the convergence
behavior of Q7 (0) M P2.(5) Qr(0) towards zero is proportional to 1 such that the overall

convergence behavior of

= QO)IQT@)IMﬁ;(é)QT(e)(e —bo)
towards zero is proportional to C% for large values of c.
When we incorporate the convergence behavior of 8, Q7 () and D3 (6), the (un-
conditional) convergence behavior of the non-centrality parameter of the conditional
distribution of JK LMr(6) given (8, D3(6)),

A0 - 00)' Q1 (0)' M. Q1 (0)(0 — bo),

is proportional to % for large values of c. Hence, it converges to zero when c gets large
and the limiting distribution of the JKLM statistic converges from below to the limiting
distribution of the JKLM statistic that applies to infinite values of ¢ which is a central

x?(k; — p) distribution.
Proof of Theorem 4. When 6 = (o’ : 3')’, we can specify ﬁT(Q) as

~

DT(a75> = (DQ,T(avﬁ) ﬁﬁ,T<Oé76))v

with ﬁa,T(a,ﬁ) : kg X po and ﬁB,T(a,ﬁ) : kg x pg. Since

Doz (@(Bo), Bo)'Vys(@(Bo), Bo) ™ fr(@(Bo), Bo) = 0,
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we can specify KLMy(a(8,), 5,) as

KLMT(a<BO)7 Bo) = [fo@(ﬁo)a 50)_%]%(&(50), 50)] ,

1
T
P )
V1 (@(80)80) ™2 D r(@(Bo),80)

Mrp 1
{fo(a(ﬁo),ﬁo) 7Da,T(56(50)ﬁo)]

Vs (@(30), Bo) % Fr(@(50), Bo) |-

For expository purposes, we now, with some misuse of notation, define fr}(bv), ﬁ;}(@),

G(0) as

17(0) = JaVis(@(B0), Bo) 2 fr(@(Bo), Bo)
Di(0) = JzVis(@(5o), Bo) "2 Dar(@(5o), o)
G7(0) = \/%fo(oz(ﬁo),ﬁo) %D/BT( (Bo), Bo),

and 0 = &(53,). It follows from the proof of Theorem 2b and Assumption 1 that

vec (Mf)* @ {f;(é) : ég;(é)D (6, D.(6)) — N(vec (MD;(Q) ({fT( ) @} 10, D3 (5))>,
diag(Mp, G, (L, ® M, ))Via.£(0) (L, ® Mp, ).

where diag(A, B) = (ég) and Vﬁg,f(g) results from specifing Vpg(av, 5) and Vys(a, 5)

as

o Vaf<a76> o V (avﬁ) vaB(Oé,ﬁ)
Voste ) = ( Vsr(a, B) ) and Vool §) = ( Vaa(a,8) Vas(a, B) ) ’

with Vaf(Oéaﬂ) : kfpa X kfa ‘/,Bf(a>ﬁ) : kfpﬁ X ]{f, Vaa( 6) kfpa X kfpaa Vaﬁ(aa6> =
Voo, B) : kpa X kgpg and Vig(a, B) : krps X kgpg such that

Vg1 (0) = Vis(@(50), Bo) — Viar(@(Bo), Bo) Vi (@(Bo), Bo) ™ Visr (@(By), Bo)'-

The diagonal covariance matrix of the conditional distribution of M. - @) f}(@) and

M ﬁ%(g)é*T(g) given (D3(0),0) shows that M P2.(6) f2(0) and M P (Q)G (5) are condi-
tional on (D3(0),6) independent from one another. The (conditional) independence
of M D.(6) f3(0) and M b;(@)é*T(e) given (Di(6),0) uses the same independence result
as the one which is used to obtain the (conditional) limiting distributions of the KLM

and MLR statistics.
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Since

vec(Cy @) = (I, @ Vig(@(Bo), Bo)+) [vec( fr(@(Bo). Bo)) -
Vﬂf(&(ﬁo)760)vff(a(50)a50)_%fT(&(50)750)} ;

can only be constructed given the realized values of (D3(6),6) and is not involved in
obtaining fr(&(8,), Bo), Di(fr(d(8,), B,) and &(3,), which all result from minimizing
St(a, By) with respect to «, the conditional independence between M s () f7(9) and

Mp. @

Because of this independence,

CA?}(E) extends to marginal independence.

KLMp(@(By,), Bo) = f£(0) Py, @ 11(0),

D* @G

and

TKLMp(@(Bo), Bo) = [£(0) My, e 3 [7(0),

D2.(8)

have given (f);;(’é),@) non-central x?(pg) and x?(k; — p) limiting distributions with

non-centrality parameters

E(f£0) Py e @ E(f70)) and B(f7(0)) M, E(f7(0)).

D;(e) f);(?ﬁ) T(e)

Since PMb;(a)é*T(g)MMD;(e)G @ =0 and M, (a)fT( ) and MD;@)G*T(H) are indepen-

dent, K LMy (a(B,), By) and JK LMr(a(B,), B,) converge to independently distributed
random variables.

When p,, = 1, we can conduct a similar mean value expansion of E(f;(#)) as in the

proof of Theorem 2b to specify E(f:(0)) as E(f:(8)) = cQr(@(8,))(@(8,) — o), where
a(p,) is on the line segment between a(f,) and «p, and show that the conditional

limiting distributions of K LMz (a(8,), 8,) and JKLMp(a(8,), B,) given (Di(6),6)
are bounded by those that result for a larger value of c¢. To show this, we use that the
derivative of K LMry(a(S,), 5,) with respect to ¢ can be specified as

1AKLMy(@(50).o) _ 1 OKLMr(@(Bo),B0) #70) | 10KLMr(@(B0)o) 4D70) |
2 de 2 af0y e T2 obs(oy de
1 9KLM1(@(Bo).Bo) 4G7(0) | 1 OKLM1(&(Bo).Bo) db
2 G (0)' dc 2 o0 de
— laKLMT( (50)50) dfT( )
2 afx(0) dc
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since 8ngggaz(£?)’ﬁ0) =0, aKLMng/(ﬁO)’B o) — 0 and G%(6) is conditional on (D(6),6)
T

. * 7 dG* 5
independent of f7(6) so i( )

effect of a small change in ¢ on the limiting distribution of the KLLM statistic solely re-

= 0. The same argument as in Theorem 2b, that the

sults from the change of the conditional limiting distribution of K LMz (&(f,), B,) given
(D (A),8), therefore applies. Because an increase in ¢ leads to an increase of the non-
centrality parameter of the conditional non-central x? distribution of K LMy (a(3,), 3,)
given (D.(6),6), we obtain that

4 Pr[K LMy (a(B,), By) < (0 = y, D;(6) = D] < 0

such that
% Pr[K LMz (a(By), By) < o] =

JIJ [ Prl LAMR(@(50), o) < o8 = y, D(0) = D]
p@;,(g)(GW =y, D7(0) = D)p’é,f);('é)(% D)dydDdG < 0.
This shows that the limiting distribution of K LM7(a(S,), 5,) lies between the limiting

distributions that result from zero and infinite values of ¢ so

K LMp(@(By), Bo) = x* (ps) -

In an identical manner, it can be shown for JKLMr(a(5,), 3,) that

TK LM (@(8y), o) < x2 (k — pa — ps)

and the lower bound results from a zero value of c¢. Because of the independence of
the limiting distributions of K LMr(a(p,), 8,) and JKLMr(a(pB,), By), the bounding
distributions are independent as well.

Proof of Theorem 7: If 775 and ¢ are the elements of 77 and ¢ that correspond with
B such that 8, = hg(ng ), ns = rez and n, and ¢, contain the elements of 1 and
¢ that correspond with «, 1, = re,, @ = hy(n,), it holds that 5 going to infinity is
identical to 14 going to infinity. The specification of 7 is such that n = r¢ so 75 = re;.
We can therefore specify 7 such that

% %
n=re=reg\—| ="Ng\ — |-
ﬁ(905> 5(905>

Since the specification of 7 is invariant, maximizing over 7, for a given value of 7,

results in an identical value as maximizing over (i—;) for a given value of 15. When 7,4

32



goes to infinity, it implies that r goes to infinity as well since ¢4 is bounded. The same
value of the statistics therefore results when we maximize over ¢ for a value of r that
goes to infinity instead of maximizing over (g—;) for a value of 14 that goes to infinity.
Since the specification using r and ¢ is the same for every element of («, 3), it implies
that the value of the statistics for testing for a distant value of any of the parameters

are the same.

Proof of Theorem 8: If f;(«, ) is linear in a and £,

fila, B) = fue + ((g) ® [kf) @ = fre+7 (¢ @ L) a,

and we can specify the moment equation and covariance estimators as

fr(a,8) = fir+r (¢ @ I,) ar
fo(oz,ﬂ) = 7“2 (QOI X ka) ‘799 (90, X ka) +r [((,0, X ka) %fl + %fl (<P® ]kf)} + Vf1f17

where fir = Zthl fie, gr = Zthl ¢ and Vjp : krp x kyp, f/gfl : kgp ¥ ky, Vflfl :
ky x kg are estimators of Vyg = limy_, var(qr), Vo, = limy_.o cov(gr, fir), Vip =
limy_o var(fir), so when r goes to infinity, which is equivalent with 3, going to
infinity:

lim Sr(a(8y),By) min [(¢' @ I,) Qt]/ [(90 ® ]kf)l Vo (¢ ® I,) Qt] B (¢ ® It,) @] -

Bo—00 e Pl
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